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1. INTR~DuCTI~N 
Recently, Chen, Gurtin and William proposed a two-temperature theory 
for heat conduction in nonsimple materials [2, 31. Also, the theory developed 
for pseudoparabolic equations assures us that a linearized version of the two- 
temperature theory is mathematically perfect [lO-12, 141. To facilitate the 
design of experimental tests of the theory, certain specific problems have now 
been investigated by several people [l, 2, 15, 161. The objective of this work 
is to perform further mathematical tests of the theory by considering a 
simple cooling process and thereby derive physically significant results. 
2. STATEMENT OF THE PROBLEM 
Denote by D a bounded rigid body and by aD the boundary of D. Here as 
well as what follows, we write x E (x1 , x2 , xs) and dx = dx, dx, dx, , etc. 
According to the two-temperature theory, the conductive temperature u(t, x) 
is determined as the solution of the following mixed initial and boundary 
value problem: 
(I - A) u&, x) = du(t, x) in R x D, 
qo, 4 = %(X) in D, 
up, x) = 0 on R x aD, 
(2.1) 
where L3 is the Laplacian operator in the variable x and R stands for the real 
line, (--co, co). 
The basic questions such as existence, uniqueness as well as the regularity 
of the solution of problem (2.1) h ave been answered in [ 111 for a more general 
class of problems. Also, there is a connection between the solution of problem 
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(2.1) and that of the corresponding problem for ordinary heat equation, [13]. 
More recently, point-wise asymptotic behaviors of the solution of (2.1) have 
been established, [l 11. We wish to derive physically more meaningful results 
not previously discussed. 
3. REPRESENTATION OF THE SOLUTION 
We shall restrict aD to be of class C2+~, 0 < 01 < 1, in the sense given in 
[I 1, 51. For simplicity we also introduce the Banach space C”+“(B) consisting 
of functions which together with their partial derivatives of order <.n are 
HGlder continuous in D = D + aD with exponent 01, 0 < 01 < 1. As 
usual, we denote the well-known HBlder norm on the Banach spaces Cn+a(D) 
by II * Iln+o . In particular, the maximum norm is denoted by 1) . 1)s . 
Suppose that problem (2.1) h as a solution u(t, X) which, as a function of X, 
belongs to Cz+a(B) for all t in R. Then for all t in R 
u,(t, x) = (I - dy Au@, x) = s, G(x, Y) W> Y) 4, (3-l) 
where G(x, y) is the Green function of the operator (I - d) in D. Upon 
integrating (3.1) with respect to t, and applying the initial condition in (2.1), 
we get 
46 4 = G4 + ItjD G(x, y) MS, y) dy ds in R x D. (3.2) 
Conversely, if u(t, x), as a function of X, belongs to Cz+a(a) for all t in R and 
if it satisfies the integrodifferential equation (3.2) and vanishes on aD for all t 
in R, then u(t, x) is the solution of problem (2.1). 
It turns out that (3.2) can be solved by Picard’s iterative scheme starting 
with u,,(x) as the initial trial function, [ll]. Simple computation shows that 
the limit function is given explicitly by the formula, 
u(t, x) = e tu-Ar’dUo(X) = e-tetu-dr’Uo(X), (3.3) 
where 
exp(f(l - 0)-l A} z f (t(l - ,4)-l ‘)% 
n=o 
and the operator (I - 0)-l is defined in (3.1). It was proved in [ll] that 
formula (3.3) defines a function u(t, x) which, as a function of x, belongs to 
Cz+~(~) for all t in R provided uo(x) E C”+“(D). 
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4. PERMANENCE OF POSITIVITY 
For the solutions of the ordinary heat equation there is a maximum 
principle, [7, 91. As a consequence of this principle, the existence of positive 
solutions of the heat equation is assured. Although, the strict maximum 
principle is, in general, not applicable to the solutions of partial differential 
equations of order higher than two, the truth of the present result lies in the 
fact that problem (2.1) can be so resolved as to be the limit of a sequence of 
Dirichlet problems for second-order elliptic partial differential equations. 
THEOREM 1. Suppose that u(t, x), as a function of x, belongs C2+lY(D) and 
vanishes on 3D for all t in. R. If u(t, x) is a solution of problem (2.1) and ;f 
~(0, x) = u,,(x) is positive in D, then u(t, x) > 0 in D for all t 3 0. 
Remark 1. Theorem 1 asserts that the conductive temperature u(t, x) will 
be positive in D for all t > to provided that its restriction to any instant to has 
this property. 
Remark 2. Theorem 1 as well as what follows remains true even if both 
of the Laplacian operators are replaced by the same elliptic differential 
operator of the second order with variable coefficients. However, it is not 
known whether the same is true if the Laplacian operators in (2.1) are replaced 
by two distinct elliptic operators of the second order. 
Proof of Theorem 1. Define inductively a sequence of functions v,(x) on B 
as the solutions of the Dirichlet problems: 
(I - 4 %(X> = %-l(X) in D, v,(x) = 0 on aD, (4.1) 
for n = 1, 2,..., where v,,(x) = us(x). Then representation formula (3.3) 
shows that 
u(t, x) = e-t 2 t%,(x)/n!. 
n=o 
(4.2) 
Since vr(x) is the solution of the Dirichlet problem, 
(I - 4 VI(X) = uo(4 in D, q(x) = 0 on aD, (4.3) 
and since zlo(x) is assumed to be positive in D, if z+(x) should achieve an 
interior nonpositive minimum in D then we would have a contradiction to the 
first equation in (4.3) at the point of minimum. Consequently, vi(x) is positive 
in D. Repeating the same arguments successively for all integers n, we 
conclude that v,(x) > 0 in D for all n. Thus, the positivity of u(t, x) in 
R+ x D follows directly from formula (4.2). 
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Consider now the thermodynamic temperature ~(t, x). According to the 
linearized two-temperature theory [2,3], 
cp(C 4 = (1 - 4 up, x), in R x D. 
Accordingly, for every fixed x in D, cp(t, x) satisfies the linear ordinary 
differential equation, 
when u(t, x) is given as the solution of problem (2.1). Hence 
tp(t, x) = e+p(O, x) + e-r jot e%(s, x) ds. 
Thus, we have proved 
THEOREM 2. If the conductive temperature u(t, x) is given a.s the solution of 
problem (2.1) with q,(x) > 0 in D and ;f 
then, as a function of x, cp(t, x) > 0 in D for all t 2 0. 
The positivity of thermodynamic temperature is assumed to be positive 
in the derivation of the two-temperature theory for heat conduction. This 
requires the positivity of u - Au in the process of linearization [2, p. 6221. 
Theorem 2 ensures that if the linearization process holds for problem (2.1) at 
some instant then it definitely holds for all future times. Although Theorem 2 
is an immediate consequence of Theorem 1, we state it as a theorem because 
of the significance just mentioned. 
5. COOLING RATE 
The cooling process is maintained by keeping the surface temperature at 
zero for all time. We may expect that the temperature would eventually 
become zero throughout the body no matter how it was distributed initially. 
We state a more precise result as 
THEOREM 3. Let u(t, x) be the solution of problem (2.1) such that as a 
function of x, u(t, x) belongs to C2+u(D) for all t in R. Then there exists a positive 
constant X < 1 depending only on D and independent of u,, such that 
II u(t, .)ll, < +ll u. II0 for all t >, 0. (5.1) 
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Proof. We start with representation formula (4.2). Consider the function 
z+(x) - /I us I/s. It satisfies the equations 
(I- 4 (44 - II u. Ilo) = ~o(4 - II u. II0 in D, 
G4 - II u. Ilo = - II u. II0 ~0 mm 
(5.2) 
on 
Let G(x, y) be the Green function of the operator (I - A) in D. Then we 
have the following integral representation for the solution of problem (5.2), 
%(4 - II uo 110 
= jD G(x, Y> ('lo(y) - II 210 llo) dy + II uu l/o s,, P% r)/%l dsv 3 (5.3) 
where aG/an stands for differentiation along the outward normal direction to 
aD and ds, stands for the element of surface area at the point y. Now the 
strong maximum principle for the solution of second-order elliptic inequalities 
ensures that G(x, y) > 0 in D x D and aG/&z < 0 for every x in D and y on 
aD, [5, 81. Since uo(x) - 11 u,, )I0 < 0 in D, it follows from (5.3) that 
44 - II uo l!o -=c II ~0 llo s,, PG(x> r>/%l ds, = --h II uo /lo (5.4) 
in D = D + aD. To derive an upper bound for A, we consider the function 
w(x) = 1 in D + 30. Since 
(I - Ll)w = 1 in D, w = 1 on aD, 
the integral formula (5.3) gives 
(5.5) 
which ensures that h < 1. 
Clearly, estimate (5.4) implies that 
m-g~~dx> < (1 - 4 II u. Ilo. (5.6) 
Moreover, by considering the function, -z~r(x) - I/ 2co IJo , the same reasoning 
just used leads to the estimate, 
mtx(-G4> < (1 - 4 II u. Ilo. (5.7) 
Thus, by combining (5.6) and (5.7) we conclude that 
II % II0 = IU - wuo II0 =c (1 - 411 uo 110 (5.8) 
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for all u,, in CO(D). This means that relative to 11 . /IO-norm, 
11(1 - 0)-l /lo < 1 - A. 
Finally, from (3.3) and (5.9) we have 
11 u(t, .)\I0 < e-tetll(r--d)-‘~lo /I u. Ilo < ht 11 u. Ilo , 
(5.9) 
which was to be shown. As a corollary, we have 
THEOREM 4 (maximum and minimum principle). If as a function of x, u(t, x) 
belongs to C2+OL(B) for all t in [O, T] and ifit is a solution of problem (2.1), then 
u(t, x) can only achieve its maximum and minimum at the time t = 0. 
Remark 3. The strict inequality sign in (5.1) holds for all t > 0 unless 
z+,(x) = 0 identically. Of course, the equality sign holds at t = 0. 
Remark 4. The estimate in (5.1) is sharp, because there is no unknown 
multiplicative constant involved. Although some accuracy has been lost by 
setting 
X = - Ia, PW, yP4 4, , 
yet this formula gives complete information about h. 
Representation formula (3.3) for the solution u(t, x) shows that for every x 
in D, u(t, x) is analytic in t for all t in R. Moreover, if we set 
zdyt, x) = &4(t, x)/&~, 
then @(t, x) belongs to C2+(D) f or all t in R and it is a solution of problem 
(2.1) with initial data z@)(O, x). Accordingly, the same analysis as for u(t, x) 
leads to 
THEOREM 5. If u(t, x) is the solution of problem (2.1) and if it belongs to 
C2+a(D) for all t in R, then 
11 u(“)(t, .)II, < ewAtll u(*)(O, .)\I 0’ 
6. EVOLUTION OF TEMPERATURE SURFACE 
We wish to know how the temperature surface becomes flattened as time 
passes. To this end we shall derive an integral representation for ut , which 
will enable us to predict the tendency for change by using the present 
information about the temperature surface. More precisely, we have 
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THEOREM 6. Suppose that as a function of x, u(t, x) belongs to C2+a(D) 
for all t in R and that it is the solution of problem (2.1). Then 
u,(t, x) = s D G(x, y) +,Y) dr-u(t, 4 in R x D. (6.1) 
Proof. From the formulas in (3.3) and (4.2) we see that 
h(t, 4 = e-Yvt(t, 4 - v(t, 41, 
where v(t, x) is the solution of the problem, 
(I - d)vt = v in R x D, 
$0, x) = uo(x) in D, v(t, x) = 0 on aD. 
Consider, for a fixed point x0 in D, the function, v,(t, x) - v(t, x0). Then 
for every fixed value of t, it solves the Dirichlet problem: 
(I- d){vt(t, X) - v(t, x0)} = v(t, X) - v(t, x0) in D, 
vt(t, X) - v(t, x0) = -v(t, x0) on aD. 
Hence, an application of Green’s identity gives 
vt(t, x> - 44 4 
z s, G(x> yNv(t, Y) - W, xo)l dr + ~0, xo) s,, (=/W ds, 
zz Jb G(x, Y) 6, Y) dy - VP, xo) (s, G(x, Y) dr - s,, W/&J h/ 
= I D G(x, Y> v(t, Y) dr - VP, xc,>. 
By multiplying this identity by e& and then setting x0 = x, we obtain the 
desired identity (6.1). 
For applications of Theorem 6, let x, be a point of positive maximum of 
u(t, X) in D at time t such that 
44 XM) = m;x u(t, x) = I) u(t, -)II, > 0. 
Evaluating (6.1) at (t, xM) we find 
ut(t, xd = SD G(xw , Y> u(t, y) 4 - II 44 *>llo < 0, 
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in view of the estimate in (5.9). Similarly, if x, is a point in D such that 
u(t, xm) = rn# u(t, x) = - I/ u(t, *)llo < 0, 
then u,(t, x,) > 0. However, these are just two extreme cases. Actually, the 
expression on the right-hand side of (6.1) enables us to determine, at least in 
principle, the sign of ut at every point x at the time t provided that u(t, x) is 
given in D at the time t. 
Remark 5. All the results derived here remain true if the bounded 
domain D is replaced by the whole space R3. In that case, all analyses will go 
through if we replace Green’s function corresponding to (I- d) by the 
corresponding principal fundamental solution, [lo]. 
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